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Geometric Movements in a Plane Departamento de Matemáticas

BEFORE BEGINNING…

In nature, art and many everyday objects, you will find samples of the different geometric forms 
you are going to study in this unit. Look around you and observe.

1. VECTORS

CONCEPT OF VECTOR. COORDINATES.

A vector AB  is determined by two points in the 
plane,  A x1 , y1 ,  which  is  its  origin,  and 
B x2 , y2 , which is its extreme.

The  AB  coordinates  are  the  B  coordinates 
minus the A coordinates:

A vector has got three components:  MODULUS, 
DIRECTION and SENSE:

• MODULUS:  It  refers  to  the  distance 
between the origin and the extreme.

• DIRECTION: It is the straight line that goes 
through  the  origin  and  the  extreme  or  any 
other parallel straight line.

• SENSE: It refers to the direction of the movement 
from  the  origin  to  the  extreme.  It  is  always 
represented on the vector by an arrowhead.
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REMEMBER

In  a  system  of  Cartesian  axes,  every  point  is 
expressed by means of two coordinates (x and y).

The  first  term  is  the  abscissa and  indicates  the 
position of the horizontal axis on a coordinate plane. 
It is positive when placed to the right of the origin 
and negative  when placed  to  the  left.  The  second 
element  is  called  ordinate and  represents  the 
distance travelled parallel to the vertical axis. This is 
positive upwards and negative downwards.

AB=x2−x1 , y2− y1

The Pythagoras theorem is used to 
calculate the modulus.

∣AB∣=x2− x1
2
 y2− y1
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EQUIPOLLENT VECTORS.

Two vectors AB and CD are called equipollents if they have the same modulus, the same 
direction and the same sense.

Observe  it  seems  as  if  vector  AB  has  moved  itself 
parallel and takes the position of vector CD .

ABCD is a 
parallelogram.

• Two equipollent vectors are representative of the same 
free vector.

VECTOR ADDITION

The sum of two vectors, u  and v , is another vector, 
uv  which can be constructed in two different ways:

• Placing the origin of vectors  u  and  v  in  the 
same point. Then, vector  uv  is above the main 
diagonal  in  the  parallelogram.  It  is  made  from the 
addend vectors.

• Making the origin of vector  v  coincide with the 
extreme of vector u . Vector uv  has the origin 
of u as its own origin and the extreme of v as its own 
extreme.

In coordinates, the sum of u=u1 , u2  and v=v1 , v2  is: 
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uv=u1v1 , u2v 2

The importance of the equipollent 
vectors lies in the fact that they can 
be moved to any other point.
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EXERCISES

1. The coordinates of vector AB  are the coordinates of B minus those of A. Calculate:
 1. The coordinates of vector AB . b)The coordinates of point B.

2. The yellow and green triangles are equal. What’s the distance between both equivalent 
points, A (-3,2) and B(1,5)? 

3. Equipollent vectors have the same coordinates. Given the points A(5,-2) and B(-1,1), what 
are the coordinates of point D?

4. Add analytically on each graph, the green vector u  and the blue vector v .
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2. TRANSLATIONS

TRANSLATION ACCORDING TO A VECTOR.

A vector  translation  of u is  a  movement  that  converts  every 
point A in a plane into another point B so vector AB is equal to 
vector u .

A translation is a direct movement because it keeps its orientation. 
It is also isomorphic because it doesn’t change the form of shapes.

COMPOSITION OF TRANSLATIONS.

Two translations, of vectors u u  and v , can be combined to 
form a translation of vector uv

The composition of translations makes it possible to create 
interesting friezes, that can become mosaics as can be seen 
in the pictures.
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Translation vector  AA '

The direction of the 
turn that is covered by 
the vertexes of ABC 
is the same as the one 
covered by the 
vertexes A'B'C'.

The original shape and the one 
moved have got the same form.

Frieze

A mosaic can be 
formed by means of 
a vertical translation.
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EXERCISES

1. When the coordinates of a point are moved, they are increased by those of the vector 
translation. Identify it in the following cases:

2. The green quadrilateral is the one moved from the yellow quadrilateral in each case. 
Calculate the coordinates of point A.

a) v=−5,5 y A '=−2,2    b) v=5,−6 y A '=0,−1 c) v=6,4 y A'=3,−1

3. Art shows translations as can be seen in the 
following examples:

Example of frieze that can be found in many 
Romanesque churches. This is from Saint John 
the Baptist Church in Leon.

The following motif is present in the Mudejar 
ornamentation of de la Seo cathedral in 
Zaragoza.

Roman mosaic.
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3. TURNS

TURNS OF CENTRE O AND ANGLE α
Any turn, whose centre is a point O and whose amplitude is an angle 
α,  transforms every point  P in a plane into another point  P’ so the 
angle POP’ is equal to α and the distances OP and OP’ are also equal.

It  must  be  taken  into  account  that  a  turn  can  have  two  types  of 
orientation:

➢ POSITIVE (anticlockwise)
➢ NEGATIVE

SYMMETRY ABOUT A POINT

Central symmetry,  or symmetry regarding a point  O,  is a 
turn  whose  centre  is  O and  whose  amplitude  is  180º.  It 
converts every point P into another point P’ so angle POP’ is 
equal to 180º and the distances OP and OP’ are equal as well.

If symmetry of centre O is applied to a shape and it does not 
change, then O becomes its centre of symmetry.
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The Nazari bird is a geometric pattern 
commonly used in mosaics. It is made 
from an equilateral triangle and thanks 
to the existence of central symmetry.

The direction of the 
turn that covers the 
vertexes ABC is 
the same as the one 
that covers the 
vertexes A’B’C’.

Examples of figures with O as its centre of symmetry:
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INVARIANT FIGURES OF ORDER N (n-fold rotational symmetry)

If a figure whose centre is point O is rotated 
according to an angle of less than 360º and then, it 
coincides with itself, it is said that point O is its 

centre of turn.

If applying a turn of 360º around the centre of turn of a figure and, 
as a consequence, n coincidences occur, such a centre is of order n and the figure becomes an 
invariant figure of order n.

EXERCISES

1. What’s the centre of turn that transforms the yellow 
triangle into the green one?

2- What are the coordinates of point P’, symmetric to point P, regarding the symmetry of point 0?
a) O(1, 1) P(-3, -3) b) O(-2, 1) P(2, -3)
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centre of turn

An equilateral 
triangle is an 
invariant figure 
of order 3.

A regular 
pentagon is an 
invariant figure of 
order 5



3- The picture shows a polygon (in yellow) and its symmetric 
counterpart (in green) regarding point O. What are the coordinates 
of O?

4- Two central symmetries regarding the same point O are successively 
applied to the yellow triangle. What is the result?

5- Symmetry of centre 0 and then, symmetry of centre 0’ are applied to 
the yellow triangle. What is the result?

4. SYMMETRIES

AXIS OF SYMMETRY E

Symmetry regarding axis e is a movement that transforms every 
point P in a plane into another point P’ so the straight line e is the 
perpendicular bisector of a line segment P and P’.

According to this definition, it must be taken into account that:

• The straight line e must be perpendicular to the line segment 
PP’

• The distance between P and e must be equal to the distance 
between P’ and e.
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An axial symmetry is a reverse movement. Observe how 
the direction of turn of the vertexes is modified in the 
triangle on the left.

The axis of 
symmetry is the 
perpendicular 
bisector of a line 
segment PP’.
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FIGURES WITH AXIS OF SYMMERY
There are some figures which are invariable even when 
axial symmetry is applied. In those cases, the axis is 
called axis of symmetry of such a figure.

A figure can have different axes of symmetry. Pay 
attention to the hexagon on the left and observe two of its 
six axes of symmetry.

How many axes of symmetry do they have?

COMPOSITION OF AXIAL SYMMETRIES

The consecutive application of two axial symmetries whose axes 
are e and e’ originates a new movement which depends on the 
relative situation of the axes e and e’:

• If the axes e and e’ are parallel, the result is a 
translation.

• If the axes e and e’ are cut at some point, the 
composition originates a turn around such a point.

Since not only translations but also turns are direct movements, the 
result of making two axial symmetries is a direct movement.

EXERCISES

1. Calculate the coordinates of point P’, symmetrical to point P, regarding the axis of the figure.
a) P(-2, 4) b)P(2, 3)
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The modulus of the translation vector 
is twice the distance between the axes.

The angle of turn is twice the angle 
formed by the axes.



2. In each case below, draw a triangle which is symmetrical to the yellow one regarding the axis 
e. Then, indicate the coordinates of the vertexes of the transformed triangle.
a) A( 5, 0) B( 0, -2) C( 1, -6) b) A( 7, 4) B( 1, 6) C( 0, 4)

3. Calculate the coordinates of the point which results after applying to P a symmetry of axis e 
and another symmetry of axis e’.

4. What is the resulting triangle from the purple triangle regarding the composition of 
symmetries of axes e and e’?
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a) P(-2,3) b) P(2,3) 
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MORE EXERCISES FOR PRACTISING

1. Determine  the  coordinates  and  modulus  of 
the translation vector  that  transforms point  A into 
point B.

2. Find the triangle that  has originated the 
one  in  the  picture,  after  applying  a  vector 
translation (3,2).

3. The triangle in the picture has been moved 
from position 1 to position 2 by means of a vector 
translation (3, -3). After that,  it has been moved to 
position 3 by means of a vector translation (2, -3). 
What  is  the  vector  translation needed to  move the 
triangle directly from position 1 to position 3?

4. Calculate  the  vertexes  of  the  resulting 
triangle after applying to the triangle in the picture a 
vector translation v=3,2

5. The triangle  ABC in  the  picture  turns  90º 
around the origin of coordinates. What triangle does 
it transform into?
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6. Find  the  transformed  figure  of  the 
quadrilateral ABCD by a symmetry:
a) of axis of coordinates
b) of abscissas

7. The  square  in  the  figure  turns  45º 
anticlockwise  around  the  pointed  vertex. 
What  are  the  vertexes  of  the  transformed 
square?

8. Find  the  transformed  figure  of  the 
quadrilateral ABCD in the picture by an 
axis of symmetry.

9. Find  the transformed  figure  of  the 
quadrilateral  ABCD  by  a  central 
symmetry, where its centre is the origin 
of coordinates.

10. The  blue  triangle  is  transformed  into  the 
purple triangle after a turn of centre 0. Draw 
it and calculate its centre of turn.
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11. Find  the  transformed  figure  of  the 
triangle  ABC  by  a  composition  of 
symmetries.  First,  find  the  one  with  a 
blue axis. Then, the one with a red axis.

12. Find  the transformed  figure  of  the 
triangle  ABC  by  a  composition  of 
symmetries.  First,  pay  attention  to  the 
one with a blue axis. Then, the one with 
a red axis.

THE SEVEN DIFFERENT TYPES OF FRIEZES

Although infinite types of friezes can be made by means of translations, actually, all of them can 
be classified into seven groups according to what movements can be found in the motif which 
can be translated infinitely.

TYPE 1: The translated motif does not represent any movement.

TYPE 2: The translated motif shows central symmetry.

TYPE 3: The translated motif shows axial symmetry.

TYPE 4: The translated motif shows horizontal axial symmetry.
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TYPE 5: The translated motif shows axial symmetry and a translation.

TYPE 6: The translated motif shows two axial symmetries; one of them is vertical and the other 
one is horizontal.

TYPE 7: The translated motif shows a translation followed by a horizontal symmetry. The result 
is a vertical axial symmetry.
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